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The Graphical Regular Representations of Finite Metacyclic p-Groups
CAI HENG LI† AND HYO-SEOB SIM‡
A Cayley graph 0 = Cay(G, S) is called a graphical regular representation of the group G if
Aut0 = G. One long-standing open problem about Cayley graphs is to determine which Cayley
graphs are graphical regular representations of the corresponding groups. A simple necessary condi-
tion for 0 to be a graphical regular representation of G is Aut(G, S) = 1, where Aut(G, S) = {τ ∈
Aut(G) | Sτ = S}. C. Godsil in (Europ. J. Combinatorics, 4 (1983)) proposed to characterize graph-
ical regular representations of groups G in terms of Aut(G, S); that is, for a given class of groups G,
find the conditions under which Cay(G, S) is a graphical regular representation of G if and only if
Aut(G, S) = 1. The main purpose of this paper is to give a complete solution to this problem for the
class of metacyclic p-groups where p is a prime.
c© 2000 Academic Press
1. INTRODUCTION
Let G be a group, and let S be a subset of G that does not contain the identity element of
G. If S = S−1 := {s−1 | s ∈ S}, the graph with vertex set G and edge set { {x, sx} | x ∈
G, s ∈ S } is called a Cayley graph of G and denoted by Cay(G, S). By this definition, it is
easy to see that the group G acts regularly on the vertex set G by right multiplication (that is,
g: x → xg) and so G may be viewed as a regular subgroup of the automorphism group of the
Cayley graph. If the full automorphism group of a Cayley graph Cay(G, S) is equal to G, then
Cay(G, S) uniquely represents the group G, and thus Cay(G, S) is called a graphical regular
representation of G. The problem of determining which Cayley graphs are graphical regular
representations of the corresponding groups is a long-standing open problem in the area of
Cayley graphs, which has received considerable attention in the literature, see for example [2,
Section 16] and [1, 5, 6, 9, 10, 18].
For a group G and a subset S, let 0 = Cay(G, S). The adjacency relation of the graph 0 is
uniquely determined by the group G and the subset S, and so are some simple properties of
0, for example, 0 is a regular graph of valency |S|, and 0 is connected if and only if S〉 = G.
However, it is a very difficult problem to determine whether or not 0 is a graphical regular
representation of G. This is because for a given Cayley graph 0, it is very hard to determine
the full automorphism group Aut0, see [11, 19, 23] for relevant references. Let A = Aut0,
and let A1 be the stabilizer in A of the identity element 1 of G. Then 0 is a graphical regular
representation of G if and only if A1 = 1. Define
Aut(G, S) := {θ ∈ Aut(G) | θ(S) = S}.
It is easily shown that Aut(G, S) ≤ A1, see Lemma 2.1. A necessary condition for 0 to be a
graphical regular representation of G is therefore Aut(G, S) = 1. However this condition is
not sufficient. In general, A1 is much bigger than Aut(G, S), and thus Aut(G, S) = 1 does not
imply A1 = 1. However, many examples demonstrate that the cases where Aut(G, S) = 1 but
A1 6= 1 would be very rare, and for many interesting cases it is indeed true that Aut(G, S) = 1
if and only if A1 = 1. Since Aut(G, S) is a subgroup of Aut(G), it is much easier to deter-
mine Aut(G, S) than to determine A1. Thus Godsil (1983) proposed to characterize graphical
regular representations of groups G in terms of Aut(G, S).
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PROBLEM ([5, PROBLEM 1.1]). For a given class of groups G, determine the conditions
under which Cay(G, S) is a graphical regular representation of G if and only if Aut(G, S) = 1.
The solution for this problem is known only for a few classes of groups. Godsil solved the
problem in [4, Corollary 3.9] for p-groups which have no homomorphism onto Zp wrZp, and
in [4, Theorem 4.3] for dihedral 2-groups; while in [5] he also solved the problem for cubic
Cayley graphs of alternating groups of degree at least 19 and for certain cubic Cayley graphs
of 2-power order. The first author [10] solved the problem for arbitrary cubic Cayley graphs
of 2-power order. Very recently, Fang et al. [3] solved the problem for cubic Cayley graphs
of most finite simple groups. The main result of this paper is to give a solution to the problem
for metacyclic p-groups.
THEOREM 1.1. Let p be a prime, and let G be a finite metacyclic p-group. Then a Cayley
graph Cay(G, S) is a graphical regular representation of G if and only if Aut(G, S) = 1.
The proof of Theorem 1.1 is dependent on the classification of finite simple groups. We
note that the theorem in the case where p is odd is a consequence of a result of Godsil [4] for
if p is odd, then a metacyclic p-group has no homomorphism onto Zp wrZp.
After we describe some preliminary results in Section 2, we prove some technical lemmas
in Section 3. Then in Section 4 we prove Theorem 1.1.
2. PRELIMINARY RESULTS
The notation and terminology used in this paper are standard, see for example [2, 21]. In
particular, for a group G, denote by Out(G) the outer automorphism group of G, by 8(G)
the Frattini subgroup of G, and by Op′(G) the largest normal subgroup of G of order coprime
to p. For subgroups H, K of G, let NH (K ) denote the normalizer of K in H . For a positive
integer n, denote by Zn the cyclic group of order n, and by Sn and An the symmetric and
alternating group of degree n, respectively. For a graph 0 and a vertex α of 0, denote by 0(α)
the set of vertices of 0 adjacent to α. If G acts on a set  and α ∈ , then Gα will denote the
stabilizer of α in G.
We now collect some basic results which will be used in this paper. The first lemma shows
that a part of the graph automorphism group of a Cayley graph Cay(G, S) may be described
in terms of the group automorphism group Aut(G).
LEMMA 2.1 (SEE [4, LEMMA 2.2(B)]). Let 0 = Cay(G, S) be a Cayley graph of a finite
group G. Then NAut0(G) = G o Aut(G, S).
The next simple lemma implies that Theorem 1.1 holds in the case where G is not a Sylow
p-subgroup of the automorphism group of Cay(G, S).
LEMMA 2.2. Let 0 = Cay(G, S) be a Cayley graph of a finite p-group G, and let A =
Aut0. If p
∣∣∣ |A1| then p ∣∣∣ |Aut(G, S)|, in particular, Aut(G, S) 6= 1.
PROOF. Let P be a Sylow p-subgroup of A which contains G. Then G < P , and thus by
[21, p. 88], G < NP (G) ≤ NA(G). By Lemma 2.1, p divides |Aut(G, S)|. 2
A subgroup B of a group A is said to be subnormal in A if B E B1 E · · · E Bk E A for
some subgroups Bi of A. A permutation group B on is said to be half-transitive if all orbits
of B on have the same size. The following lemma gives a property on transitive permutation
groups of prime-power degree, which was first proved in [14, Lemma 3.1]. However, for
completeness and briefness, a proof is also presented here.
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LEMMA 2.3. Let p be a prime, and let A be a transitive permutation group on  of p-
power degree. Let B be a nontrivial subnormal subgroup of A. Then B has a proper subgroup
of p-power index, and Op′(B) = 1. In particular, Op′(A) = 1.
PROOF. The assumption that B is subnormal in A means that there exists a series of sub-
groups B E B1 E · · · E Bk = A. Suppose that B does not fix some point v ∈ . Since A
is transitive on , Bk−1 is half-transitive on . Thus the Bk−1-orbit Ok−1 containing v is of
p-power size. Similarly, Bk−2 is half-transitive on Ok−1, and thus the Bk−2-orbit Ok−2 con-
taining v is also of p-power size. Repeating this argument, we have that the B-orbit containing
v is of p-power size, and so B has a proper subgroup of p-power index. Thus the subnormal
subgroup Op′(B) has a subgroup of p-power index, and hence Op′(B) = 1. In particular,
taking B = A, we have that Op′(A) = 1. 2
We will also need some conclusions about finite simple groups with a subgroup of index a
2-power.
LEMMA 2.4. Let T be a nonabelian simple group which has a proper subgroup H of index
2l where l ≥ 1. Let M(T ) be the Schur multiplier of T . Then T = A2l or PSL(2, q) with
2l = q + 1, M(T ) = Z2 and Out(T ) = Z2.
PROOF. By Guralnick [8], we easily conclude that T = A2l or PSL(2, q) with q prime.
Furthermore, by [7, p. 302], both M(T ) and Out(T ) are isomorphic to Z2. 2
Finally, we have a result about the automorphism groups of metacyclic 2-groups, which is
a consequence of a determination of the orders of the automorphism groups of those groups
by Lindenberg ([15, 16]).
LEMMA 2.5. Let G be a finite nonabelian metacyclic 2-group. Then Aut(G) is soluble. In
particular, either Aut(G) is a 2-group, or Aut(G) ∼= S4 for G ∼= Q8.
3. SOME TECHNICAL LEMMAS
In this section, we prove several lemmas which will be used in the proof of Theorem 1.1. A
generalized quaternion group Q2n of order 2n satisfies
Q2n = 〈a, b | a2n−2 = b2, b4 = 1, b−1ab = a−1〉.
LEMMA 3.1. Let G be a generalized quaternion group, and let Cay(G, S) be a connected
Cayley graph of G. Then |Aut(G, S)| is even.
PROOF. Let G = 〈a, b | a2n−2 = b2, b4 = 1, b−1ab = a−1〉, and let τ be the inner-
automorphism of G induced by a2n−3 . Then each element x of G can be written as x = ai b j
for some integers i, j . It is easily checked that for any i, j , we have xτ = x or x−1. Since
S = S−1, we have Sτ = S, and hence Aut(G, S) contains an involution. 2
For a finite group X , let H be a core-free subgroup of X , that is, no non-trivial subgroup
of H is normal in X . Let S be a subset of X \ H such that S = S−1. The coset graph of X
with respect to H and S is defined as the graph with vertex set [X : H ] = {H x | x ∈ X} and
{H x, H y} is an edge of 0 if and only if yx−1 ∈ H SH . The following simple properties were
proved in [20] (or see [17]).
920 C. H. Li and H.-S. Sim
LEMMA 3.2. Let 0 = 0(X, H, S). Then
(1) X ≤ Aut0, Xα = H and 0(α) = {H x | x ∈ H SH}, where α is the vertex correspond-
ing to H;
(2) 0 is connected if and only if 〈H, S〉 = X;
(3) 0 is X-edge transitive if and only if H SH = H{g, g−1}H for some g ∈ X.
In the rest of this section, we give some properties about Cayley graphs of the so-called
semidihedral group SD2k of order 2k , which has presentation:
SD2k = 〈a, b | a2
k−1 = b2 = 1, ab = a2k−2−1〉.
These properties are related to the special linear groups SL(2, q)where q is a Mersenne prime,
namely q + 1 is a 2-power. The method for treating the case where q = 3 and the case where
q > 3 are quite different. The first lemma deals with the case q = 3.
LEMMA 3.3. Let X = SL(2, 3)o Z2 ∼= Q8 o S3. Let G be a Sylow 2-subgroup of X, and
let 0 = Cay(G, S) for some S. If Aut0 ≥ X, then Aut(G, S) has even order.
PROOF. It is easily shown that G is a semidihedral group of order 16. Write G = 〈a〉o 〈b〉
such that a8 = b2 = 1 and ab = a3. Let H be a Sylow 3-subgroup of X such that Hb = H .
Then X has a faithful transitive permutation representation on  = [X : H ], and G is regular
on . Let α ∈  be corresponding H , and identify α with the identity of G. Then H = Xα .
Since |H | = 3, an Xα-orbit on  \ {α} is of size 1 or 3. Let 6 be an X -edge transitive graph
with V6 = . Then the valency of 6 is of 1, 3 or 6, and 6 = 0(X, H, {g, g−1}) for some
g ∈ G.
The elements of G \ {1} are as follows:
a4, b, ba4 the elements of NG(H)
a2, a−2, ba, ba3, ba5, ba7 the elements of Q8 \ Z(Q8)
ba2, ba−2 the involutions of G \ Q8
a, a−1, a3, a−3 the elements of order 4 in G \ Q8
There are exactly three orbital graphs of X of valency 1, corresponding to the involutions
in the first row. It is easily shown that H{a2, a−2}H = H{ba, ba5}H = H{ba3, ba7}H . It
then follows that |H{a2, a−2}H |/|H | = 6, namely the coset graph 0(X, H, {a2, a−2}) is of
valency 6. Now consider the involution ba2. It is easy to show that 〈ba2, H〉 = X , and so
0(X, H, {ba2}) is connected and is of valency 3. Therefore, (Hba2 H)∩ {a, a−1, a3, a−3} 6=
∅, say ai ∈ Hba2 H where i ∈ {1,−1, 3,−3}. As 0(X, H, {ba2}) is undirected, a−i ∈
Hba2 H , namely Hba2 H = H{ba−2, ai , a−i }H . Similarly, Hba−2 H = H{ba−2, a j ,
a− j }H , where j = 4− i . In summary, Xα on  \ {α} has six orbits:
{a4}, {b}, {ba4}, {ba2, ai , a−i }, {ba−2, a j , a− j }, {a2, a−2, ba, ba5, ba3, ba7}.
Now S is the union of some Xα-orbits on  \ {α}. We will analyse all the possibilities for
S so that we can find an involution τ ∈ Aut(G, S). If 0 or its complement is disconnected,
then it is easily shown that Aut(G, S) is of even order (clearly 0 and its complement have
the same automorphism group). Thus we may assume that 〈S〉 = G = 〈G \ S〉 and |S| ≤ 7.
In particular, as S is the union of some Xα-orbits on  \ {α}, we have that |S| ≥ 3. Since
a4 ∈ Z(G) ∼= Z2, each element of Aut(G) fixes a4 so that Aut(G, S) = Aut(G, S ∪ {a4}).
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Thus we may further assume that a4 /∈ S. All the possibilities for S satisfying the above
properties and the associated τ ∈ Aut(G, S) are listed in the following table.
S τ
{ba2, ai , a−i } a→ a−1, b→ ba4
{ba2, ai , a−i } ∪ {ba4} a→ a−1, b→ ba−2
{ba2, ai , a−i } ∪ {b, ba4} a→ a−1, b→ ba4
{ba−2, a j , a− j } a→ a−1, b→ ba4
{ba−2, a j , a− j } ∪ {ba4} a→ a−1, b→ ba2
{ba−2, a j , a− j } ∪ {b, ba4} a→ a−1, b→ ba4
{ba2, ai , a−i } ∪ {ba−2, a j , a− j } a→ a−1, b→ b
{ba2, ai , a−i } ∪ {ba−2, a j , a− j } ∪ {b} a→ a−1, b→ b
{ba2, ai , a−i } ∪ {ba−2, a j , a− j } ∪ {ba4} a→ a−1, b→ b
{a2, a−2, ba, ba3, ba5, ba7} ∪ {b} a→ a3, b→ b
{a2, a−2, ba, ba3, ba5, ba7} ∪ {ba4} a→ a3, b→ b
Therefore, Aut(G, S) has an involution. 2
The following lemma is a consequence of [21, (6.4), p. 394].
LEMMA 3.4. Let q be a prime such that q ≡ 3 (mod 4), and let
a =
(
1 0
λ 1
)
, b =
(
ω 0
0 ω−1
)
, σ =
(
1 0
0 −1
)
where ω ∈ G F(q)∗ is of order (q − 1)/2 and λ ∈ G F(q)∗. Let H = 〈a, b〉. Then a, b ∈
SL(2, q), σ ∈ GL(2, q) \ SL(2, q), and X := 〈SL(2, q), σ 〉 = SL(2, q) o 〈σ 〉. Further,
bσ = σb, NX (〈a〉) = NX (H) = 〈a, bσ 〉 = 〈a〉o 〈bσ 〉 ∼= Zq o Zq−1, and for any subgroup
K of 〈b〉, NX (K ) = NX (〈bσ 〉).
We shall also need the following property.
LEMMA 3.5. Let q be a prime such that q ≡ 3 (mod4), and let X be an extension of
SL(2, q) by Z2. If an involution in X acts on SL(2, q) as an outer automorphism, then X ∼=
SL(2, q)o 〈 σ 〉.
PROOF. Let x be such an involution in X . Then both x and σ act faithfully on SL(2, q); so
we regard those as outer automorphisms of SL(2, q). Since Aut(SL(2, q)) ∼= PGL(2, q), and
all involutions of PGL(2, q) \ PSL(2, q) are conjugate, we see that x and σ are conjugate in
Aut(SL(2, q)). This yields X = SL(2, q)o 〈 x 〉 ∼= SL(2, q)o 〈 σ 〉. 2
Now we have another technical lemma which will be used in the proof of Theorem 1.1.
LEMMA 3.6. Let q be a Merssene prime greater than 3, and let X, a, b be those defined in
Lemma 3.4. Then 〈a, b〉 is a Hall 2′-subgroup of X and is isomorphic to Zq o Z(q−1)/2. Let
H = 〈a, b〉 and S ⊂ X such that S = S−1. Assume that 0 := 0(X, H, S) is of valency less
than 2(q + 1). Then Aut0 ≥ X × Z2.
PROOF. We first claim that for every s in S, there exists t in H SH such that Hs H = Ht H
and t normalizes 〈bσ 〉.
Assume first that s normalizes 〈a〉, that is, s ∈ NX (〈a〉). By Lemma 3.4, s ∈ NX (H).
Since NX (H) = 〈 a 〉 o 〈 σb 〉 ∼= Zq o Zq−1, we see that s is of order dividing q − 1. By
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Hall’s theorem, all Hall subgroups of NX (H) are conjugate. It follows that s is conjugate to
an element t of 〈 bσ 〉 by an element of 〈 a 〉. Now t normalizes 〈 σb 〉 and Hs H = Ht H .
Assume now that s does not normalize 〈a〉. Then H ∩ H s does not contain 〈a〉, and so
H ∩ H s is of order dividing (q− 1)/2. If H ∩ H s = 1, then q = 3 since q(q− 1)/2 = |H | =
|H : H ∩ H s | = |Hs H : H | < 2(q + 1), which is a contradiction. Thus H ∩ H s > 1, and
so H ∩ H s is a nontrivial subgroup of H of order dividing (q − 1)/2. Write 〈c0〉 = H ∩ H s
and 〈d0〉 = 〈c0〉s−1 . Then 〈c0〉, 〈d0〉 < H and 〈c0〉 ∼= 〈d0〉. Thus there exists x1 ∈ H such that
〈c0〉x1 = 〈d0〉, and so 〈c0〉x1s = 〈c0〉. Further, there exists x2 ∈ H such that 〈c0〉x2 = 〈b0〉 ≤
〈b〉. Hence 〈b0〉x−12 x1sx2 = 〈b0〉. Since H x−12 x1sx2 H = Hs H , it follows from Lemma 3.4
that t := x−12 x1sx2 normalizes 〈bσ 〉.
Therefore, there exists a subset T of H SH such that H T H = H SH and every element of
T normalizes 〈bσ 〉. So we may write 0 = 0(X, H, T ). Let Y = X × 〈w〉 where 〈w〉 ∼= Z2,
and let L = 〈a〉 o 〈bσw〉. Then L is core-free subgroup of Y . Further, every element g ∈ T
normalizes 〈bσw〉 as g normalizes 〈bσ 〉. Let G be a Sylow 2-subgroup of X . Then [X : H ] =
{H x | x ∈ G} and [Y : L] = {Lx | x ∈ G}. Let 6 = 0(Y, L , T ). Then the map τ from
[X : H ] to [Y : L] defined by τ(H x) = Lx is an isomorphism from 0 to 6. This is because
for each x, y ∈ G, yx−1 ∈ H T H if and only if yx−1 ∈ LT L , by virtue of our choice of T .
Hence {H x, H y} ∈ E0 if and only if {Lx, Ly} ∈ E6, that is, 0τ = 6. This τ induces an iso-
morphism from Aut0 onto Aut6. Therefore Y ≤ Aut6, and so X ×Z2 ∼= Y τ−1 ≤ Aut0. 2
We remark that, by [2, Lemma 16.3], the graph 0 defined in Lemma 3.4 is a Cayley graph
of a Sylow 2-subgroup of X . We guess that the conclusion of Lemma 3.6 may be strengthened
to Aut0 = X ×Z2, refer to [12, 13], although we do not need it for the purpose of this paper.
4. PROOF OF THEOREM 1.1
In this section, we will prove Theorem 1.1. Let G be a metacyclic p-group with p prime.
Let 0 = Cay(G, S) be an undirected Cayley graph, and let A = Aut0. If Aut(G, S) 6= 1 then
Aut(G, S) ≤ A1 6= 1, and so 0 is not a graphical regular representation of G. Thus we only
need to prove that if 0 is not a graphical regular representation of G, or equivalently A1 6= 1,
then Aut(G, S) 6= 1.
Suppose that A1 6= 1. We note that the automorphism group of a graph is equal to the
automorphism group of its complement, and so we may assume that the valency of 0 is less
than |G|/2.
If 0 or its complement is disconnected, then it is easily shown that p divides |Aut(G, S)|
and hence Aut(H, S) 6= 1. Thus we assume that both 0 and its complement are connected. If
p
∣∣∣ |A1|, then by Lemma 2.2, p ∣∣∣ |Aut(G, S)| and so Aut(G, S) 6= 1; while if G is abelian, then
it is easily shown that 2
∣∣∣ |Aut(G, S)|. Hence we further assume that p 6 ∣∣∣ |A1| and that G is
nonabelian. Note that every subgroup and every quotient group of a metacyclic group are also
metacyclic (and may be cyclic), and in particular, are generated by two elements. Therefore,
if p is odd, then as Zp wrZp ∼= Zpp oZp, G has no homomorphism isomorphic to Zp wrZp.
By Godsil [4], we have that A1 6= 1 implies Aut(G, S) 6= 1. Thus, to complete the proof of
Theorem 1.1, from now on we assume that{G is a nonabelian metacyclic 2-group,
|A1| is odd,
0 is connected of valency less than |G|/2.
Then the first lemma shows that all minimal normal subgroups of A are soluble.
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LEMMA 4.1. Let G be a metacyclic 2-group. Let 0 = Cay(G, S) be a Cayley graph of G
such that A1 is of odd order. Then there exist no insoluble minimal normal subgroups of A.
PROOF. Suppose to the contrary that N is an insoluble minimal subgroup of A. Then N =
T1 × · · · × Tk , where k ≥ 1 and Ti ∼= T for some nonabelian simple group T . It is known
that a Sylow 2-subgroup of a nonabelian simple group is noncyclic. Since G is metacyclic,
a Sylow 2-subgroup of N is metacyclic and it then follows that k = 1, namely N is simple.
Further it follows from Lemma 2.4 that N = PSL(2, q). Thus NCA(N ) = N × CA(N ), and
as G∩(NCA(N )) is metacyclic, |CA(N )| is odd. It follows from Lemma 2.3 that CA(N ) = 1.
Hence N ≤ A ≤ Aut(N ), and so A ∼= PSL(2, q) or PGL(2, q). Thus G is a dihedral group
and NA(G) = G. By [4, Theorem 4.3], Aut(G, S) 6= 1, which is a contradiction. 2
The next lemma shows that O2(A) is self-centralizing.
LEMMA 4.2. Assume that Aut(G, S) is of odd order. Then CA(O2(A)) ≤ O2(A).
PROOF. Suppose that A has a normal subgroup B such that B = B ′ and B/Z(B) is a direct
product of nonabelian simple groups, where B ′ is the commutator subgroup of B. It follows
from Lemma 2.3 that Z(B) is a 2-group and B has a subgroup of 2-power index. In particular,
B/Z(B) has a subgroup of 2-power index. It is well-known that a Sylow 2-subgroup of a
nonabelian simple group is not cyclic. Since a Sylow 2-subgroup of B/Z(B) is metacyclic, it
follows that B/Z(B) is simple. By Lemma 2.4, B/Z(B) ∼= PSL(2, q) for some prime q such
that q + 1 is a 2-power, and M(B/Z(B)) ∼= Z2.
By Lemma 4.1, A has no insoluble minimal normal subgroup, and so we have that Z(B) 6=
1. Now B is a central extension of Z(B) by PSL(2, q). Since the representation group of
PSL(2, q) is SL(2, q) and B ′ = B, we have B ∼= SL(2, q), see [21, Theorem 9.18, p. 257].
Thus we also have that Z(B) ∼= Z2.
Set X := B/Z(B) × CA(B)/Z(B)). Then since each Sylow 2-subgroup of X is meta-
cyclic, CA(B)/Z(B) has odd order. It follows from Lemma 2.3 that CA(B) = Z(B). There-
fore A/Z(B) is isomorphic to a subgroup of Aut(B/Z(B)). We note that Aut(B/Z(B)) ∼=
PGL(2, q). Thus |A/B| ≤ 2. If A = B, then a Sylow 2-subgroup of A is a generalized
quaternion group (see [21, p. 404]). By Lemma 3.1, Aut(G, S) is of even order and so A1
is of even order, which is a contradiction. Suppose that |A/B| = 2. Let P be a Sylow 2-
subgroup of A. If there exists only one involution in P , then P is generalized quaternion, and
by Lemma 3.1, A1 is of even order, which is a contradiction. Thus there exist at least two
involutions in P . Since P ∩ B is a Sylow 2-subgroup of B and is generalized quaternion, then
there exists an involution in A \ B, which acts on B as an outer automorphism. Thus A is a
split extension of B by Z2. By Lemma 3.5, we have that A ∼= SL(2, q) o 〈σ 〉. Since q > 3
and we can regard our graph 0 as a coset graph of A, we have A ≥ (SL(2, q)o Z2)× Z2 by
Lemma 3.6, which is a contradiction.
Therefore, A has no such subgroup B. So the generalized Fitting subgroup F∗(A) equals
the Fitting subgroup F(A) (see [22, Definition 6.10, p. 452]). By Lemma 2.3, O2′(A) =
1, and thus F∗(A) = F(A) = O2(A). As the Fitting subgroup F(A) is self-centralizing,
CA(O2(A)) = CA(F(A)) ≤ F(A) = O2(A). 2
Now we have a result about the structure of Aut0. This in particular shows that under our
assumption (that is, G is a nonabelian metacyclic 2-group and A1 is a nontrivial group of odd
order), Aut(G, S) 6= 1, and thus completes the proof of Theorem 1.1.
THEOREM 4.3. Let G be a nonabelian metacyclic 2-group, and let 0 = Cay(G, S) be
connected such that A1 is of odd order. Then G is normal in Aut0.
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PROOF. Let A = Aut0 and H = O2(A). Then O2(A/H) = 1, and so it follows from
Lemma 4.1 that O2′(A/H) 6= 1. Let L be the full preimage of O2′(A/H) under A→ A/H .
Then L = H o K E A, where K ∼= O2′(A/H). By Lemma 4.2, CA(H) ≤ H , and in
particular, H is not cyclic. It then follows that CK (H) = 1 and that CL/8(H)(H/8(H)) ≤
H/8(H) ∼= Z22. Now K8(H)/8(H) ∼= K acts faithfully on H/8(H) ∼= Z22. Thus K ∼= Z3.
As O2(A/H) = 1, it follows that A/H ∼= Z3 or S3. If A/H ∼= Z3, then G = H E Aut0.
Thus we assume that A/H ∼= S3. Let Q be a Sylow 3-subgroup of A. Then Q acts non-
trivially on H , and so H has an automorphism of order 3.
Suppose that H is nonabelian. By Lemma 2.5, H ∼= Q8, and thus A = Q8.S3. If G has
only one involution, then G is generalized quaternion, and by Lemma 3.1, A1 has even order,
which is a contradiction. Thus G has at least two involution. It follows that A = Q8 o S3. By
Lemma 3.3, Aut(G, S) has even order, which is again a contradiction.
Thus H is abelian. If H ∼= Z2 ×Z2, then G = D8, and hence by [4, Theorem 4.3], A = G,
which is a contradiction. Thus H 6∼= Z2 × Z2, and it follows that H∗ := H/8(8(H)) ∼=
Z4 × Z2 or Z4 × Z4. Suppose that H∗ ∼= Z4 × Z2. Thus 8(H∗) ∼= Z2, and so Q centralizes
8(H∗). Hence Q centralizes all of the three involutions of H∗. It follows that Q centralizes
H/8(8(H)), and thus Q centralizes H , which is a contradiction. Therefore, H∗ ∼= Z4×Z4.
It is easily shown that CH∗(Q) = 1. Thus NA∗(Q) = Qo〈x〉 ∼= S3 for some x ∈ A∗\(H∗Q).
So we may write the generating relations for the Sylow 2-subgroup G∗ of A∗ as follows:
a4 = 1, b4 = 1, [a, b] = 1, ax = b, bx = a.
A straightforward calculation shows that all normal cyclic subgroups of G∗ are a subgroup of
〈ab〉. It then follows that G∗ is not metacyclic, which is a contradiction. Therefore, H = G
and G is normal in A. 2
Finally, we remark that, combined with the result of [14], this theorem also gives a com-
plete classification of the automorphism group Aut0 of a Cayley graph 0 of a nonabelian
metacyclic p-group G such that G is a Sylow p-subgroup of Aut0.
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